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Abstract: The paper deals with the problem of the H., control of continuous-time linear systems by proper dynamic output controllers of
order equal to the plant model order and by static output controller. The design procedure is based on solution of the set of linear matrix
inequalities and the matrix equality and ensures the closed-loop asymptotic stability using Lyapunov approach and the H. performance, to
guarantee the closed-loop system robustness to unknown disturbance. Numerical examples are given to illustrate the design procedures
and the relevance of the method as well as to validate the performances of the proposed approach.
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1. Introduction

In practice, online measurements of all state variables of a process
are rarely available and since only their observable outputs are
accessible for control purposes, the output feedback control laws
have to be considered when the state observers are not applicable.
Since, really, the system dynamic may be affected by
unmeasurable disturbances the H., approach is proposed to be used
in the static and dynamic output feedback control law design.

The static output feedback problem seems to be one of the most
important question in linear control system design (see, e.g., [1, 2,
3, 4] and the reference therein). Because of the importance of this
kind control systems considerable attention was dedicated to the
study of suitable design methods. Reflecting the fact that the static
output feedback stabilization is generally a concave-convex
problem [5], the design conditions based on a solution of various
mutually coupled matrix equations or coupled linear matrix
inequalities (LMI) was discussed in [6] or, more completely, in [7,
8]. However, unfortunately, the output feedback controller
synthesis problem is hard to be converted into a feasible task.

Exploiting the approaches which potentially allow convert
dynamic output controller synthesis into an LMI optimization
problem, LMI computational technique has brought a preferred
tool to solve also this design task. Although the obtained
formulations are generally non-convex, using some system bounds
they can be formulated as a convex problem. An iterative algorithm
for designing the linear time-invariant dynamic output controllers
of the prescribed structure was presented in [9], formulating the
solution as an optimization based on LMIs in which either the
Lyapunov matrix or the controller parameter matrix to be designed
are alternately regarded as the optimization variables. Another
iterative approach noted as convexifying algorithms was proposed
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in [10], where the artificially introduced convexifying function in
each iteration step is reduced to zero to guaranty the feasibility of
the original problem. Applying the controller parameter
transformation and a mix of performance measures, the non-
recursive approach, noted as the multi-objective synthesis of linear
dynamic output-feedback controllers is presented in [11], where
each objective is formulated relative to a variety of the closed-loop
transfer function and more relaxed sufficient conditions are
derived in terms of LMls.

The aim of this paper is not only to generalize the existing works
on the design of static and proper dynamic output control, but
above all to formulate the new design conditions based on the set
LMIs and, as yet, the linear matrix equality (LME). Applying to
the multi-input and multi-output linear systems affected by an
unknown disturbance, the standard bound on the system properties
is considered as square of the H. norm of the closed-loop transfer
function matrix between the unknown disturbance input and the
system output, and convexifying assumptions are solved by
modifying the Hx control problem. The stability of the closed-loop
system is ensured by finding a suitable Lyapunov matrix within a
resolution of the LMIs and LME structure.

The paper is organized in six sections. Follow after short
introduction in Sec. |, the considered structures of the static and
dynamic output controllers are presented in Sec. Il. The main
results are outlined in Sec. Il and 1V, formulating stability analysis
and suitable design methods for the given types of output control
by use of LMIs in such a way that the impact of the unknown
disturbance on the controlled system does not exceed a specified
limit. In Sec. V the numerical example is given in order to discuss
the performances and limitations of the proposed design methods
and the last section draws concluding remarks.

Throughout the paper, the notations are narrowly standard in such
away that xT, X" denotes the transpose of the vector X, matrix X,
respectively, X =X > 0 means that X is a symmetric positive
definite matrix, rank (°) remits the rank of a matrix, diag [°]
designates a block diagonal matrix, p(X) notes the eigenvalues
spectrum of the matrix X, the symbol I,, indicates the n-th order
unit matrix, R denotes the set of real numbers, R™, R™*" refer to
the set of all n-dimensional real vectors and n X n real matrices.
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2. Problem Formulation

The systems under consideration are continuous-time linear
MIMO systems, described in the state-space form by the set of
equations

q(t) = Aq(t) + Bu(t) + Vo(t) €y

¥(©) = €a(® @
where q(t) € R™, u(t) € R", y(t) € R™ are vectors of the system,
input and output variables, respectively, v(t) € RP is the
exogenous input vector and matrices A € R™*", B€ R™", V €
R™P € e R™™are real matrices, provided that (A, B) is
stabilable and (A, C) is detectable. It is supposed that an
exogenous disturbance input is a non-anticipative process
v(t) € L,(0,c0; RP).

It is assumed that the system is stabilized by the linear static output
controller

u(t) = Ky(t) = KCq(0)

where K € R™™ is unknown real matrix, as well as by the full order
time-invariant dynamic output controller

p(®) =Jp(®) + Ly(t)

@)

(4)

u(t) = Mp() + Ny(t) ©
where p(t) € R™ is the vector of the controller state variables, the
controller matrix

(6)
el b

K° € R+1x(n+m) has the prescribed structure with respect to
the real matrices J € R™™, L € R™™ M€ R™", N € R™™ to
be designed.

In the sense of the H. control theory, the objective is to design the
above given control laws matrix parameters so that, if considering
in the control only the measured variable output vector y(t), the
impact of the disturbance v(t) on y(t) expressed in term of square
of the H., norm of the closed-loop transfer function matrix between
the disturbance input and the system output, does not exceed a
specified limit defined as the guaranteed quadratic performance.

3. Static Output Feedback

This section presents the control law parameter design conditions,
corresponding to the static output control (3) acting on the system
(1), (2) and optimized in the sense of the H. norm of the closed-
loop transfer function matrix with respect to the input of unknown
disturbance.

3.1. Unforced Mode

Combining equations (1), (2) and (3), the following closed-
loop state-space model is achieved

() = (A + BKO)q() + V() )

8

¥() = Cq(®) ®
where the closed-loop system matrix A, is noted as

A.=(A+BKO) 9)

To give a non-iterative procedure combining the set of LMIs and

LME, the following proposition is presented.

Proposition 1: (bounded real lemma modification reflecting the
static output controller structure) The closed-loop system, formed
by the plant (1), (2) and the static output controller (3), is stable
with the quadratic performance vy if there exist a positive definite
symmetric matrix Q € R™", a regular matrix H € R™*™, a
matrix Y € R™™ and a positive scalary € R such that

Q=0">0, >0 10
AQ+ QA" +BYC+C'Y"BT  « * (1)
vT —yI, * | <0
cQ 0o -—I,
(12)

CQ=HC
When the above conditions hold the gain matrices of the static
output control law is given by the formula

K=YH! 13)

Here and hereafter, * denotes the symmetric item in a symmetric
matrix.

Proof: (compare, e.g. [1]) Defining the Lyapunov function as
follows

v(q(®) = q"(OPq(t) +
+ fot(yT(X)y(x) —yvT(x)v(x))dx >0

(14)

where P = P > 0 is a positive definite symmetric matrix and
VY > 0 is the upper bound of the H., norm of the closed-loop
system transfer function between the disturbance input and the
system output, then [12]

5(q(®) = 4" (OPA() + 47 (OPA®) + s
+yT Oy () —yv"(Ov() <0
Substituting (7), (8) in (15) gives
5(g(©) = q"(D)(ATP + PAJq(0) + =
+vT (VT Pq(t) + qT(©)PVq(t) +
+q"(OCTCq(t) —yv" (Dv(t) <0
and with the composed vector
ql(0) = [q"(®) V() an
(16) can be written as
v(q(t) = q" (P q(t) <0 (18)
where
_[AIP+PA.+C"Cc PV (19)
Pe= v'p —vI, 0
Defining the transform matrix
(20)

T =diag[@ ], Q=p1

pre-multiplying the left-hand side and subsequently the right-
hand side of (19) by (20) it can obtain
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QAT +A.Q+QCTCQ 4 (21)

4 —vI,

and using the Schur's complement property then the inequality
(21) implies

QAT +4.Q V  QC" (22)
VT —yI, 0 |<0
cQ 0 -,

It has been developed a rule-based FES that made use of the
Analysing the matrix element in the upper left corner of (22), i.e.,

QAT + A.Q = Q(A+ BKC)T + (A+ BKC)Q (23)
it can set
BKCQ = BKHH™1CQ (24)

where H is a regular square matrix of appropriate dimension.

Defining the following equality

Hic=cQ? (25)
and using the notation
Y =KH (26)
then
BKCQ = BYC (27)
QAT +A.Q = Q(A+BKCO) + (A + BKC)Q = (28)
=AQ + QAT + BYC + C"YTBT

and (25) implies

(29)

CQ = HC

Now, evidently, (22) with (28) and (29) imply (11), (12),
respectively. This concludes the proof. [
This proposition provides the sufficient condition under LMIs and
LME formulations for the synthesis of a static output controller
robust to the disturbance v(t).

3.2. Forced Regime

In practice, the case with r = m (square plants) is often encountered,
where it is generally associated with each output signal a reference
signal, which is expected to influence as wanted this output. Such
regime, reflecting nonzero set working points, is called the forced
regime.

Definition 1: The forced regime for (1), (2) with the static output
control is given by the control policy

u(t) = KCq(t) + Ww(t) (30)
where r =m, w(t) € R™ is desired output signal vector, and matrix
W € R™*™ js the signal gain matrix.

Proposition 2: If the system (1), (2) is stabilizable by the control
policy (30), and [13]

rank [21, g] =n+m (3

then the matrix W in (30), designed by using the static decoupling
principle, takes the form

W =—-(C(A+BKC)1B)™! (32)
Proof: In a steady state which corresponds to ¢(t) = 0, the
equality y, = w, must hold, where q, € R", y,,w, € R™ are
vectors of steady state values of q(t), y(t), and w(t).

In this case, the disturbance-free system equations (1), (2) under
control (30) implies

0 = (A + BKC)q, + BWw, (33)

Yo = €q, = —C(A+ BKC)"'BWw, = —I,,w, (34)
It is evident that the equality (34) implies (32). This concludes the
proof. [
The W matrix is nothing else than the inverse of the closed-loop
static gain matrix. This gain matrix can be obtained so by setting s
=0 in the state-space expression of the transfer function matrix of
the closed-loop system with respect to the forced input. Note, the
static gain realized by the W matrix is ideal in control only if the
plant parameters, on which the value of W depends, are known and
do not vary with time. The forced regime is basically designed for
constant references and is very closely related to shift of origin. If
the command value w(t) is changed "slowly enough," the above
scheme can do a reasonable job of tracking, i.e., making y(t) to
follow w(t) [14].

4. Dynamic Output Feedback

In this part the time-invariant dynamic output controller is
considered in control of the linear continuous-time system
perturbed by an unknown input disturbance.

4.1. Unforced Mode

To analyse the stability of the closed-loop system structure with
the dynamic output controller, the following form of the system
description can be introduced.

q()] _[A+BNC BM|[q()] v (35)
[p(t) | ey ][p(t)]+[0]v(t)
_ 0 I[a® (36)
yo=100 tlle o100
After introducing the notations
¢©T®) = [q"© P 89
o_[A O] oo _[0 Bl _,_[0 I, (38)
4 =[0 0]’ B _[In 0]’ =l 0]
(39)

veT=[ve 0], 1°=[0 I]

where A° € R2nx2n  Bo ¢ Ran(n+r) C° € R(n+m)><2n Ve €
RZWP | € Rm*(m+m) the closed-loop state-space dynamic
equations as well as the system output relation takes the following
form

Go(t) = (A4° + BK°C)q(¢) + VOu(t) (40)

@ = 1°C°¢°(0) “

respectively.
In the sequel, so it is supposed that (A°, B®) is stabilable and
(4°,€°) is detectable [15], [16] and the matrix product C°B° is
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nonzero matrix.

Theorem 1: (bounded real lemma modification reflecting the
dynamic output controller structure) The closed-loop system
consisting of the plant (1), (2) with the controller (4), (5) is stable
with the quadratic performance vy if there exist a symmetric positive
definite  matrix Q° € R?™?" a regular matrix H° €
RAMX(n+m) 3 matrix Y© € R(M+7)X(M+m) and a positive y € R
such that

QO=QOT>O ]/>0 (42)
o . . (43)
ver  —yI,  x |[<o0

1°ceQ° 0 o

COQO P HOCO (44)

where

(45)

Z° = AOQO + QvoT + Bey°c° + CoTyoTBOT

When the above conditions hold the common control law gain
matrix of the dynamic output controller is given by the following
formula

K° = YO(HO)—l (46)
Proof: Defining the Lyapunov function as follows

2(@°(0) = ¢ (OP°G (L) + 47)

+ [L 0Ty —y v (D) dx > 0

where P° = P°T > 0 is a positive definite symmetric matrix and
vy > 0 is the upper bound of the H» norm of the closed-loop
system transfer function between the disturbance input and the
system output, then

5(q°(0) = 4T (OP°q°(t) + q°T (HPGo(t) + (48)
+yT@y(®) —yrT(v() <0
Substituting (40) and (41) into (48) it yields
(49)

5(q°(1)) = q°7 (£)(ALTP° + P°A2)q°(t) +
+voT (£)VoTPOq(t) + q°T (£)POVov°(t) +
+qoT(t)coTIoTIoC q°(t) — yvT(H)v(t) < 0

where A2 = A° + B°K°C°. Then with the composed vector

2" =[q"® v O] (50)
the inequality (49) can be written as
v(q2(®) = q2" (P2 q2(t) < 0 (51)
where
AST PO 4 POAQ 4 cOT[oT[oC® POV° (52)
P2 = T <0
verpe —yl,

Defining the transform matrix
T° = diag [Q° 1], Q° = (P*)1 (53)
pre-multiplying the left-hand side and subsequently the right-
hand side of (52) by (53) it can obtain
[QOAgT +A2Q + Q°CoTI°TICOQ°  V° ] (54)
oT <0
|4 -vl,
Thus, with the Schur complement property, (54) can be rewritten
as

QOAST _l_AgQO ve QOCOTIOT (55)
yer -vI, 0 <0
I1°c°Q° 0 -1,
Analysing the matrix element in the upper left corner of (55), i.e.,
Q°AY" +A2Q° = (56)

QO(AO + BOKOCO)T + (AO + BOKUCO)QO
then analogously with (24)-(26) it can be set
Z° = AOQO + QvoT + Beye°c° + CoTyoTBoT (57)

and with the notations

C°Q° = H°C® (58)
Y° = K°H° (59)
(55) with (57) imply (43), and (58) gives (44). This concludes the
proof. [

Forced Regime

Definition 2: The forced regime for (1), (2) with the dynamic
output controller is given by the control policy

p(t) =Jp(t) + Ly(t) (60)
u(t) = Mp(t) + Ny(t) + Ww(t) (61)

where r =m, w(t) € R™ is desired output signal vector, and
matrix W € R™*™ is the signal gain matrix.

Theorem 2: If the system (1), (2) is stabilizable by the control
policy (60), (61), and if (31) is satisfied, then the matrix signal gain
matrix in (61), designed by using the static decoupling principle,
takes the form

W = —(C(A— BMJ~'LC + BNC)™1B)~!

Proof: In a steady state the disturbance-free system equations (1),
(2) under control (60), (61) imply

0 = Aq, + Bu,

0=Jpo+1LCq,

Since now (61), (64) implies

u, = (-MJ7'LC + NC)q, + Ww,

then, substituting (65) into (63) it yields
0= (A—-BMJ71LC + BNC)q, + BWw,
4o = —(A— BMJ~LC + BNC) ' BWw,
respectively, and

Yo =Cq, = —C(A—BMJ'LC + BNC)_lBWWO

Thus, considering y, = w,, then (68) implies (62). This
concludes the proof. [

5. Hlustrative Example
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The features of the considered schemes and the effectiveness of the
proposed design conditions are presented using the illustrative
example.

The state space representation, describing the chemical reactor
model [17], consists of the following matrices

1380 —2.080 6.715 —5.676
A= |[70-581 —4.290  0.000 0675
10.672  4.273 —6.654  5.893
0482 4273 1343 —2.104
0.000  0.000 0.000
5= |5679  0.000 v= 3397
1.136 —3.146| 9.872
1.136  0.000 0.000
4 010
c= 0 0 0 1]

and this system in the considered closed loop structures under the
static output feedback (3), as well as under the dynamic output
feedback (4), (5) was used in the presented simulations.

Note, the pair provided that (A,, B) is controllable and (A, C) is
observable.

Within the above system parameters, solving the LMIs (10)-(12)
using the SeDuMi package for MATLAB [18], the following
quadratic performance and the control law matrix parameter were
obtained

y = 10.3628
K - [0.4683 —4.0758
46458 —5.2372

with the closed-loop system matrix eigenvalues spectrum

p(A.) = {—0.1062 + 0.1543i,—0.0457 + 0.0920i
guaranteeing closed-loop system stability.

y(t)

02},

0 0.5 1 1.5 2
time [s]

Figure 1. System output response for static output controller.

Solving (42)-(44) for Q°,Y°, H® using the same solver SeDuMi,
the quadratic performance upper-bound and the dynamic output
controller matrix parameters were as follows

y = 10.3628
—0.7086  0.0002  0.0009 —0.0003
0.0002 —0.7106  0.0003  0.0000
0.0009  0.0003 —0.7108  0.0003
—-0.0003  0.0000 0.0003 —0.7085

M = [—0.0002 —0.0002 —-0.0003 0.0003]
—-0.0010  0.0003 -—0.0005 0.0011
0.4748 —4.1352

44644 -5.0116

—0.0010  0.0013
0.0005  0.0012
“ | 0.0007 0.0047
0.0015 —0.0056

Now, the resulting global closed-loop system eigenvalues
spectrum was

(49) = {—0.1034 + 0.1516i,—0.0459 + 0.09271}
piie -0.0071,-0.0071,-0.0071,-0.0701

Since the system matrix J of the dynamic output controller is
block-diagonally dominant with the stable real eigenvalue
spectrum, this, in turn, means that the remaining eigenvalues of the
system matrix A2 of the closed-loop system with the dynamic
controller are approximately the same as the eigenvalues of the
system matrix A, of the closed-loop system with the static output
controller.

The both static as well as dynamic controller design methods
previously described were applied to the simulation benchmark.
The conditions in simulations were specified for system in the
forced regimes, where

q"(0)=[0.1 0.0 0.0 0.0], w'(0)=[09 0.6]

pT(0)=0, 6% =0.02
and the signal gain matrices W, W ; were computed using (32),
(62), respectively, as follows

w, = [(04370 £0915)

[—0.4435 4-.1510]
44232 54242

—4.4218 5.1985

Since the same desired output variables have been utilized to assess
the each controller ability response and to demonstrate
performance with respect to asymptotic properties, the results of
the both proposed design method can be immediately compared.

1.4

1.2}

1t

0.8

¥(t)

0.6

0.4

0 0.5 1 1.5 2
time [s]

Figure 2. System output response for dynamic output controller.

Fig. 1 shows the closed-loop system output response with the static
output controller (3) which matrix parameter was obtained solving
(10)-(12). Using the dynamic output controller (4), (5) with the
gain matrix parameters satisfying the conditions (42)-(44), Fig. 2
shows the output system response of the closed-loop system for the
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same system initial conditions and the control policy (60), (61).

It is obvious from these figures that both controllers which
parameters were obtained using the solutions of the LMI problems
specified by Proposition 1 and Theorem 1 can successfully provide
for the closed-loop system steady-state properties and asymptotic
dynamics. Since the design conditions guarantee optimization in
the sense of H. norm of the both closed-loop disturbance transfer
functions, although the dynamic controller provides slightly
smaller value of this norm, there is practically no difference
between the output responses.

Using the recursive methods of dynamic controller’s synthesis,
these differences can be significant because the obtained matrix
parameter values of the static and dynamic controller could be
affected by thresholds at which the iterative design process is
completed.

6. Concluding Remarks

New approach for output dynamic feedback control design is
presented in this paper. By the proposed procedure the control
problem is parameterized in such LMIs set with one additional
LME which admit more freedom in guaranteeing the output
feedback control quadratic performance with respect to unknown
disturbance acting on the system. Sufficient conditions of the
controller existence manipulating the stability of the closed-loop
systems imply the control structure, which stabilize the system in
the sense of Lyapunov and the controller design tasks is a solvable
numerical problem. An additional benefit of the method is that
controller uses minimum feedback information with respect to
desired system output and the approach is enough flexible to allow
the inclusion of additional design condition bounds. Of course, it
cannot find output feedback controllers to guarantee the stability
of the closed-loop system if uncontrolled modes are unstable
although a common Lyapunov function exists in the feasible
design conditions.
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