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Abstract. The model of transversal oscillation for an elastic piecewise-homogeneous rod is constructed. In order to find a solution of this
model a Fourier-type integral transforms method for the fourth-order differential equations is developed. The decomposition theorem
is proved by Cauchy contour integration method.The conditions of existence for fundamental solutions of the initial - boundary value
problem are established and explicit expressions of these fundamental solutions are found.
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1. Introduction

An eigenfunction of a linear operator A, defined on some
function space, is any non-zero function f in that space that
returns from the operator exactly as is, except for a multiplicative
scaling factor. Eigenfunctions play an important role in many
branches of physics. Using eigenfunctions the laws of
mathematical physics can be described, for example, the law of
the transversal oscillations of semi-limited piecewise-
homogeneous rod.

Laws of the transverse oscillations of rod are found theoretically
by Euler. These laws on the experience are checked by Chladni,
Lissajous, Mercadieretc. Transversal oscillations modeling of
semi-limited piecewise-homogeneous rod
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leads to solve the system of fourth-order differential equations

# ., df _
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Here function yj (X,t) is the ordinate of the deformed axis of
j- layer at the point Xin timet .

y; (xt), XE(IH,IJ.), j=1..n+1 t>0
E jan elastic modulus (or Young's modulus) of j- layer rod;
| i~ the moment of inertia of j- layer rod, a line perpendicular to the
plane of thex,yand passing through the gravity center of areas S;
o -the density of j- layer rod;
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The boundary conditions have the form:

=f(t),<L=
y="f(t), 0 @)
when x=0,t>0.

Further formulate the conditions at the points of coupling
intervals.

The conditions for continuity of the ordinates and for the tangent
of the bending moment and clipping efforts must be true:

Yi (Ii‘t) = yi+l(|i’t)‘ y;(lj,t) = y;u(lj*t)’ @)
Ejljyf(lj,t) = Ej+l|i+1ygl+1(|i‘t)‘
Ej'jyg”(li't):Ej+1'j+1y;/+/1(|1't)'

Let's assume, the rod was in an equilibrium state before the

hanging point was set into motion. The initial conditions have the
form

y:Ol =0
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when t=0,x>0.
2. Problem Statement
We construct the integral transform by a method of delta-shaped
sequences. Integrated transform is generated on the set |: by the
fourth -order differential operator B:

d4
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B= Z‘x‘f)(x— L))ol - ><)W +Ag‘+19(x—ln)w,

here Ay - matrix of sizeoxo, all eigenvalues are the real positive
number,

0(x) - the Heaviside step function.

Let's consider solving problem of separate matrix system for
(n+1) iterated parabolic equations
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limited on the set D,
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on the initial conditions

vm(t,x)‘t:0 =9, (x),xel;,

ov_(t,r — (5)
M =0, xel, m=1n+1

ot
on the boundary conditions
R )

ad. —v,| =0,e=12,
= el,i ﬁxl lXZI
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and the coupling conditions
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x=I, k=1n; m=14
Here v,=vm(t,X) — is the unknown vector-valued function of size
ox1, gn(X) —is the set of vector-valued functions of size ox1,

af.;i i=14, e=12, i=0,3 - matrixes of size oxc.

The special solution H jis (t, X, af) , meeting conditions

&), x,Eely, j=Ln+1

H,..s(t,x,g)\t:0 =5(x—

Zaﬂ, M| =0, e=12,
x=ly
% n+l,s :0’ |:0’3
k k k d
|:am1d + m1:|Hks:[ m2 d ﬂm2:|Hk+1s’X Ik'
k=1n m=12,

is called as the matrix fundamental solution or the Green's

function.We can write the solution of the General boundary value

problem  (4)-(7), if we know influence function
—Hjsét X, 5) Our next goal is to clarify the

condltlons of existence of the influence functions H js and

finding explicit expressions for these functions.

We introduce notations:

and demand fulfillment of the following condition:
detM py =Cpoe =0,k =1, m;m=12. (8)
Let's assume that the desired vector-valued function Uj(t,x) is
Laplace's original on t. In the images of the Laplace we get a
problem about a construction of limited on the set |n+ solutions
of the separate matrix system of ordinary differential equations
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[W—quuj(p,x)ngj(x), j=1Ln+1, o)

a4 =-A"P% 9;(x) = A'g; ()
on the boundary conditions

3 dl
Dad,—Vi| =0, e=12,
i=0 Y d x=I,
’ (10)
d’ . =
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and the contact conditions in the points of joint

3
Zamll | zamZ i i Vk+l’
i=0 d

i=0
m= 14k 1n

Let's define images H® . of matrix fundamental solution as
solutions of the followmg boundary value problem for the
separate matrix system of ordinary differential equations (9):

d* 4y -4
o His(p.x.&)=A

e (11)

S(x=£&), jis=Ln+1,

q;’:_AJ—Apz’
2q-1
Zaell , 15 =0, e=12
i=0 b

d .. o
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dx'

X=00
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i=0

m=14, k=1n.

For images of matrix influence functions H js formulas are fair:

if k<s

= (@) (v () [ (@) sl o) )
k=Ln+1 s=1n+1
if k>s

0
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loo<x<l,l <&<l, k=Ln+1 s=1n+]

if k=s

(w090 (e ) vaa))oro) ;)

oo Lo, <x<é<l;
kk =
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L, <&<x<l, k=Ln+1.

Matrix functions are present in the expressions for images of
matrix influence functions H7

L =X)p (% A)+0(x=1,)p,..(x,2),

7)=300c-1.)0(

n

w(x24)=20(x=1_)0(l —x)w, (%, A)+O(x =1, )y, (X, 2).

k=1

For ¢, = ((/’n+1,o ¢n+1,1); Vi = (Wnn,o l//n+1,1) we have values
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where the j radical branch is designated by a symbol ,-{1/—. Other

pairs of functions ¢, v, uniquely defined by coupling
conditions:
+1ly/k+1)’ x=l, k ZH, ] :ﬂ-

3 « dl 3 « dl
Z‘Zm &(%x'//k): ;am &(ﬂ(

i=0

00
Furthermatrixes ¢,i71 and € are defined by relations:
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In the future, the condition will be considered fulfilled:
Ea'Z 00'2
det 0‘101,0 alolvl #0, (12)

Ao oy
E_, - identity matrix of size 20 x 20, 0, - zero matrixof

size20 % 20 .

The solution of the matrix boundary problem (9)-(11) is based on

the following statements.

Lemma 1. The determinant det (€, ) doesn't depend on the
variable & . If the condition (12) is satisfied, all matrixes
Qk are invertible (or nondegenerate matrix)

det(Q, )= 0.
Pronf \/erificatinn of the first statement of the lemma is trivial. It

is enough to establish that det Ql # 0. The last requirement
immediately follows from the identity

(2 £ 0

oovi| | T2 e

o o |=| Qe g | (‘f)
I a§1,0 agm

Lemma 2. If the condition (12) is satisfied, then conditions of
unlimited resolvability of the problem (9)-(11) are satisfied

for p=C+iT with Rep=>0, where
O, - abscissa of convergence of Laplace integral,
and Jmp = T € (-00,+00)
matrixes Q, (£), s=1n+1 - nondegenerate:
det Q(&)=0. (13)

Lemma 3. If conditions of unlimited resolvability of the problem
are satisfied, then limited on the set |r:r the solution of separate
system (9) has the form:
0 _ 14
(PX)= [ Hma(PXE) Ps (§)dE, j=Ln+1 (14)

m=0 |,

Proof. On the basis of the Lemma 2, the right part of the formula
(14) has the meaning. Therefore direct validate of each conditions
(9)-(11) is possible.

Let's return to originals in the formula (14). We apply the inverse
Laplace transform formula, we have

1 n ma . _
vj (tYX):%J.emZO |'|. Hj,m+1(pYXV§) pgm+1(§)d§dp+
0 m

J rnea(PXE) PT,,. (£)dédp, j=Ln+1

In

+
é-_.o

We consider that the function

(b oo

is analytic in the half-plane Re p= 0 according to condition
(12). We make the change p =14 in the first integral, and in
the second integral P = —iAwe will present the problem
solution (4)-(7) in the form:

N z,,.f ZI(E""% ot (a) - e'“y/k(x);{l(ql)}

o |

‘(%(ql) %(%)]Q; (é)[gﬁm(é)dam, j=1n+1

In the found representation for the mixed boundary problem (4)-

(7) we will pass to the limit at t—> O . We obtain the integral
representation for initial conditions (5):

(S [moma)-w i@ (15)
-((m(ql) V/1(%))9;](f)[Ejgm.l(é)dfld/{,j:m
If to put

kz";ax l)0(l —x)u, (x,2)+0(x—=1,)u,,,(x,2),

where

0 0
-1 -1
Uk =@k o1 =¥y YW1

and

U (£)= 306 )00~ (£.2)+ 061, )03, (4.2),

where
0 0 0 JEE—
(B0 f Jat k-Tnvd
integral

then integral representation (15) leads to an
representation of Dirac measure [18]

5(x—¢) =_2iﬂ_ju(x,/1) u*(&2) Ad . (16)

The integral representgtlion of Dirac measure generates direct
e and inverse + Fourier transformation of fourth order
on the Cartesian axis with n points division by the rules:

Fo)D)=3 | vn(62)0nu(E)0E=0(0) (17)

m=0 i,

Fa](x)

——Iu (x,2)(2)AdA=g(x), (18)
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g(x)= ge(x— L )O( —X) G, (X)+ 0(x—1,) 0 (x).

Following the decomposition theorem can be proved by the
Cauchy's method of contour integration [14].

Theorem 1. If the function g (X) is defined, piecewise
continuous, absolutely summarized and has a limited variation on

|:, then for X € |n+ the integral representation is true:

1 15 T
=[g(x=0)+g(x+0)|=-—— u(x,/l)[ u'(f,l)g(ﬁ)dg]idl.
2[ :| 27[|'£ ;[ (19)

We will receive the main integrated transformation identity of the
differential operator for the application of the integral
transformations for the problems solution of mathematical
physics

. d* d*
B= ‘o(x—1,_)0(l, —x)— + A O(x-1 )—.
;& (X kfl) (k X)dx4 +A1+1 (X n)dXA

Theorem 2. If the function (X)is defined, four times
differentiable on the set |n+, g ( X'}, then the main identity for
the function satisfying to the coupling conditions (7) and
vanishing at infinity together with the derivatives to the third
order holds:

g:(l)
o, o, o, o g/l
R A kil
g (ly)

(20)

X=0

0 0 0 1)v
0 0 -1o0|V
M (x)dx = oyl i
{u(x)v (x)dx=(u u" v’ ") o1 0 olwl *
-1 0 0 o)lv”

Let's prove that all members outside the integral except the first
member in the right part of the written-out formula will
disappear. Let's use coupling conditions

My =M QX =1,
and its consequence

-1 -1 -1 -1
QM =0, M5, x=1,.

Not the zero member in the formula of integration by parts in the
form

(=]

(oot &
9

When it is considered that

0 0 aO a!} aO aO
(wl(l)ywl(ﬂ)j:[ 11,0 111 11,2 11‘3]91“0,1),

o 0 0 0
o 1 Oy Qg

we obtain the formula for member outside the integral in the
form

0 0 0 0
Opo Ong Cap O

[“101,0 a101,1 a101,2 0‘101,3JQ (l 2_)9710 ﬂ,) 9
1\ los k o /

The theorem is proved.

3.Modeling of transversal oscillation for an elastic piecewise-
homogeneous rod

Let's apply the method of integral Fourier transforms from item 2
to the problem solving (1)-(3). Let's choose the parameters in
conditions (9),(10),(11) :

A::: Emlm

—

P
0 0 0 0

Qo Cur Oup O _[1 00 0]
0 0 0 0 - !
Ano Qi1 Az Co3 0010
m m m m

Qo Oy Oyp Oggg 10 0 0
m m m m

o %1 Gup Onz| |01 0 0

- 1

m m m m

Az0 Oy 32 Az 0 0 El,

m m m m

Cpo Cng %yp Qs 00 0 Enln
m m m m

Opo Oy Qpp Oppg 10 0 0

m m m m

Opo Oxni Opi Oypg 01 0 0

m m m m

Ogpo Op1 Oy Opg 0 0 Epulpa 0

m m m m

Cpo Cpy Qo g 00 0 Eniilna

In Fourier's images considering integral identity (20) problem (1)-
(3) takes the form:

Its solution in Fourier's images has the form

y(t,z):ismt‘f)[fg’)]df.

A
According to the theorem 1 we will find a formula for

displacement Y, (X, t)

Yo (xt)= —%mum (“)IWF (T)jdmd/l.

iy 0

After change of the order of integration the formula takes the

form:

s )= [ x5

0
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where

sinA(t-7)

W, (x,t—7) = ——— [u, (% 4) 2d .

iy
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